
 

Properties of arc length

Definition Let y I iR3 be a curve and a b CI

The length of from a to b is defined as

c ILablas.eeablx'ctIldtT
FACT Length is a geometric quantity
i e it is invariant under rigid motions and

reparametrizations

Definition A rigid motion of B IR of IR is an

isometry of B as a metric space with respect

to the Euclidean distance

i e Ocp 0cg I Ip fl ftp.qe R

It is well known that any such 01 is an affine map of

the form

ATtb t x c Rn

where A C Och i.e A At I ATA and b C LR



Definition If def A o is orientation preserving

If det A o 4 is orientation reversing

Nele def A I 1 if A C Ocn

PIposition Rigid motions preserve length of
curves i e

if X I Ps3 is a curve and 10 1133 Ps3 is a rigid

motion then food I 1123 is also a curve and

for any a b E I

Proof Exercise

1
Instinsen

PIposition Straight lines are the unique shortest curves

joining two given points in IRB

Exercise



Definition Let I 1133 be a curve For any diffeomorphism

J E R I one can define a new curve

OiJ R

which is called a reparametrization of A

x
x

f IR 9
1 0 y

T

p
f do

Remark A and B parametrize the same curve i e their

images are the same

INposition The length of a curve is in variant under

reparametrization i e

d b
p La N if 0 Kid Ca b

Proot Lab a fab ly't dt
yychange

of variable
formula

chainLcd p f I plusI du Ee f la Colin 110141 du
O D



Regular Curves

Recall The trace of a curve may not be smooth

r f
NOT smooth here

since Sood approx tansent line
at this pt

Ln

Definition A curve x I IRS is regular

if I x'Ct t 0 for all te E I

Note For a regular curve 2 I IR 3

tangent line at time
t

act is well defined
x'Ct
H
0

normal
For a regular plane curve A line

x I B angent

norma a define gy
F
line

Q what about for space curve



Q Is there a best way to parametrize a curve

A Yes with constant speed

Definition A curve a I Ps3 is said to be

parametrized by arc length pb a 1 if

I 1 I

Remark If x I Ps3 is p b a I then

Lab L b a for any a b CI

Exemple Any curve I IRS which is p b a l

is regular C i 1 a'Ct 1 1 to

Theorem Any regular curve admits a reparametrization

by arc length
i e given a regular curve

2 I Ps3

tor

p X of J IRS is p b a l



Perot Fix any to C I consider the

arc length t

Effemtiofo
SH la'cuildu

to regular

Noete S differentiable with S Ct Id e I 0 feet

So S is a continuous strictly increasing function
S

g
n o S I J E IR

has a smooth inverse

t
4 5 J I

Define B do J Ps3 which is a reparam
of 2

Claim p is p b a l

Proof of claim
X lots

Bts x loess lots sqWHIP 1x'Coles
chain 9
rule unit vector



Exempt X t 2 cost 2 Sint TE IR

St ft12km1 du f 2 du 2T

inverse f s Sz S E IR

P s 2 lots L Sz 2 cos 2 sin SEIR

Example Reparametrice the helix by arc length

Nlt a cost a Sint b t t EIR

x'Ct asint a cost b lait I a7bT
SHI got 12km1 du Fb t

inverse s
S

PCs al
a

aus a sina.ba

FROM NOW ON we always assume a curve is

p b a l unless otherwise stated



Local theory of plane curves

Consider two plane curves

r O polar coordinates Xi rectangular coordinates
X const

I'r const
Hot tf

S

o

Question What is the best coordinate system
on a given regular curve

I
Eg g

t depends on

t

ko I to a
4

7 7 7
moving frame

Let JCounterdockwiserotation
special in

by 900 in BZ g
dim 2

2
Given any unit vector UE R2

U Ju is a Cpos oriented

U orthonormal basis O N B

called a frame



Definition Let x I BZ be a plane curve p b a l

1 s L s unit tangentDefine
Ncs g Tcs unit normal

Tls N S Frenet frame along a

N
N N

p g T T
n

T
JJ a

FIET T

Note Tcs Ncs O N B toreachsein
Tls Tcs 1 I L N s N S

Tcs N Cs o

Differentiate

TEs TCS 7 o L N'Cs N S 7

Differentiate by product rule

Tts Ncs CTCs N'co 0

Hence

g
f s Kcs Ncs

N s k s Tcs



Definition Let di I IR be a curve p b a l

with Frenet frame Tcs Ncs

Ktn
curvature of a
Cat s

Reino 1 k i I IR is a smooth function

2 k has a sign

1501 FT

T

T turning towards N T turning away from N

Caution No such interpretation for supegemeuces

3 If d I RZ is NIT p.b.ae but regular

then re parametrize by B do J ftp.b.aI
define Tykyltli kp.co

Note Curvature is invariant under reparametrization



Exemplet i Straight line

a th s I ts.q.se R

X is p.b.ae 181 1

t't
LG Frenet frame

Tfs x s constant

Ncs J Tcs JE

Kcs Tts Ncs E O

Eixample circles

i
TCS x'Cs C sins cos

N s JTG L cos sins
Curvature

Kcs Tis Ncs

Bigger circles have L f f cos f sins
smaller curvature f cos I sins

r r

I constantr



Exe ra.se Repeat the above calculation using a clockwise

parametrization

Peroposition Let x I B be a curve pb a l

If y B IR is a rigid motion then

B Yo x I BZ is also p b a l

and
Kpis f Rpg

if 9 is orientation preserving

if 4 is orientation reversing

Post Exercise Curvature is a geometric quantity
not necessarily p b a l

Exercise If x I IR is a regular plane curve

show that

Kyle
detldktl.si
Ight 13

Exercise Let 2 I B be a curve p b a l

Denote 0 s angle of TCS measured from X axis

g
Tcs

Then OEsj k T
a

In
unit tangent vector


