§ PYOPevfn‘eg O'f are lengfh

Definition : et ol'-'I—?th be a cuvve , ond Lablc 1 |

Twe len3+h of of from a 4o b s dehned as

Lk o
aldt) == I |’ dt
a

FACT LQV\%‘H’\ VS a Sww\e‘tn‘c %nan‘tq“l’g,

1.e. it s ravariant under n‘%\‘o( motions ond

YQvafame{'m‘za‘he.\s .

Definition: A ru‘s?d motion ¢:|'R”-—) |’Rh of R ¢ an
TSo\Mettr\j of R" (as o metric space with respect

4o #e EBuctidetw distance) .
e | PEY-gp | = lpe-§) Veqe R’

T+ s well-kvown +that o.mj cuch QS ts on affrre wap of

4he fovw ®
P(xy = Ax+b ¥ xe®

wheve A € O(V\)';.c. AA*=I= ﬁtg , ond bét?“.



Defivition: T4 det A S0, P 35 orientation-preserving .

I-F det A < o ) ¢ s ineui'o‘h'on-YeVQVﬂ"ﬁ .
N_Oiet det Az=+td1 f AE€EOwWm.

&?m : Rt'sicl motions preserve \ens#k of Cuvves, “e.

 a:T- R3 s a curve owd ‘Png—' R® ¥ a rigid

motion , thew 4>.o(-.Ié\'R3 e olso a Curve awd

Li(u) = Li(qbo ) for any Ca.8) ¢ T.

?!'_lo_'f : Exevcise .

o / ¢ ool

p
//() vigict 1 \’8\
/ 7 maation /\>

E'_?\NL"*E!: S":’m'skf ('nes are +he (um‘%ue) cshortest curves

30\'1:\?«-3 two 3iven Peiwl-; " ?S )

r""_;“_f : Exeverse .



Defivition: Llet :T = \'Rg be o curve _ FO¥ any) di{-hm.\»kirm

¢’U€fk > T , one can define a new curve
ﬁ:uo(ﬁ:j—aﬁg

whick s called a repevawmetrnzation of .

o “vace ()
/ ]

T /"D trace (B )

——2)>—> R

Rewmark: o0 awd ﬁ pavametrize He same” Curve i€ +her

fmase: are +he Same .

hm‘ The 'Q“s'f‘h of a curve s (uvaraut undey

re pamwc'(:n'za-hbv\ , i-€.

Li(P) = Lt(ol) F P(lc.a))=[o. 1)

ol 1 b b,
Proof [o (%) = Y [(t)| dt Change of variabie
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SS Reﬁuiav Cuvves

Recall : The trace of a cune may net ke " Smooth” :

NoT "smooth” here !

-

Since $ 3004 a‘,rux. +an5evd’ i

ot tais f‘l‘.

De-Fiv\H't'ow: A curve X: 1= I’R‘s S fesu\aur

i (o)l %0 ovan tel.

Note: For a Lesulmr curve oA :+T = l"R3 ,

—

R/\-M"je’"+ lime ot bwmae ¢

o (t) is well- defined !

ok &)
%
(v}

For a resu\av plane curve ol

u . I —_ "R‘z "HXV\&?M"’
ol'(’t) ITne

ts also defined )

Q : What abdut <fox space curve ?



g: Ts +here o ‘\bQS‘t" wav) to Parcw\e‘tﬁze a Cuvve ?

&’ 1629 , wWith constant q;eedf

De“\‘ni'h'ow: A curwve Ok : I —P\Rg ts said to be

Patamefﬁué b~3 are \eujbh (?.b.a.l.) f

|| = 2 vtel
M: M ao:I- Rs s pbal., tuen
b
La(d) = b-a fov any a,)c L.

Eﬁ'.“?lf’ ﬂlﬂj Curve o = T —> I'RS which 18 P.b.a.Q.
s regular. (C (o) =4 %$0)

T‘“__%YM: Ang regular curve admits a reparcmfﬂ‘u‘h'ow
bo ave \Qus-l-h .
i.e. gc'vew a 'resulav v @
A: T — RS

3 di{-feovuov‘sh;rw\ e T <for

Some interval J € \R st

B= oo . F - R s pbal.



Froff: Fix any +o€ 1. consider #Hee

Qrvc lens-(-h t
Lanction - S(‘t)‘-’ I \d(u)\du
from <o °
\'eﬁulav

Note: S differentiable with S) = (| >0 Veel

Se, S s a coutinuous, S‘tn‘c‘l’lj i creasing Function :

S:IT35J¢<RK

S
T / hﬁs a swoothh mverse

Q.\,:,/L'° T i = S.lz 75

DC‘F\'&Q g = o e : j S fRS , whiclh i¢ a reparvem.
of
Claim: F is P.b.a.l. of

Dol of Claim:

d’( (s)) d‘( (s))

’ /) ’
@(S) = 0{( (S)) - O(s) = - =
t S(re®) | (ro)
C‘\a‘n *
cule
unit yector !




EKQMP'_Q: ol(t) = (ZCDS’t,'ZﬂWf) , te R
t t
Sk) = f ld'(u)\ du = L 2du = 2t
Thverse =D 4)(5) = % S, se R

G(s) = d(p) = o((%): (2 usi,u"n%) , SeR

Examp\ef RCPA(amthZQ 44 helix bn arc lensth‘.

oU(t) = (amwst, asmt, bt) =t emR
lt) = (—oemt, acost, b)) 5 [0 = [ o b

t '
S(‘t)‘= S‘ \&(u,\du - Iaxsz t
(o]

mverse  <€(S) = -
la*+
N S
O Sw :
§ o * Lo ok, oo

FRoM Now oN, we a\wags asSume 0 Curve is

p.b.a. L. unless otherwise stated .



§ Local theory of plane curves

COns‘?er +two P‘G\he Curves :

(v.0): Po\av o0or dinates (x,9) : vectongular Coovdinates

,r Y = Cownst,

Ques‘fcbw: What is +he “best” coovdimeate rjs‘fﬂm

ow a siven (feauhn) carve ?

E3' depends ow
where we ave
m e Cuve
J

“ 11} (]}
; ‘Lﬁ'— Vuovmj “€rame

LQ“’ 3 = Counferclockwise votation specic| 2;"
dim,
bn % W R (=2C)
! k3
R Given any unit vector 1 € R

Y u,J’.ﬂ) s a (pos. oviented)

3
,/ u orfhonerwmal basis (ON.B.)

> cailed a frome .



DQ‘F\‘MH’.‘OV\: let A:T = ‘Rz be a P\aue cunve ?bqﬂ

Define : iT(s) = 0‘,(9) uut +au3ud
() = J(T))

{T(s), (s)ll Frenet <frame along O

Note: [ T(s) ties)) OMN.B8 —fov each s€ 1

S r T, T)d>zsd T<LNE, NP e @O
CTEO,NWMIP=T O cveeee ces e .. @
Differenticte O

<T'(s),T($)> =0 = < '(s), s)>

D;‘FFC'QM‘HG*.Q @ H bj Proéucf rule

<TES). (HS + LT, ‘> = o

Hewce,

T's) = RE)NG)

) ==k®»Ts)



D@‘F\"\A?‘h‘av\: Let ofl: I >R be a curve ?.b.q.l.

with Frewet drame  { T, N}

' Cuvrveture of A&
‘k(S) .= (T(s),N(SD\ (ot )

Rew‘mk: 1) k ) R s a smosth Fanction

2) R has a Sign:
‘k>o\ ‘\t<o\
J

;
_ olS) T

\
ok(s) T T
<

\
T ‘th‘v\j towerds

! ‘ T -hmwius owao‘ﬁom

Caud’\‘ov\: No such iw‘\'evvve‘(’ah‘on ~ov Spoce CuvveS‘.I

3) ¥ o:1I— ﬂ?z s g ?.b.a.l. (but rejutav)
‘hen “reparam‘tﬁze" \o3 @ =l : 3 \Rz :E.\o.o.Q,

defing \kx(-t) 1= kg( -Et)) \

? Note - Cu.wa'hue s mvariant under reParaw.z'bdza‘hbn.’



Examp‘a i: S{‘miswt line

A . o(s) =P+sg . se R

-\
a0

A is P,b.a.l. <D |Ei\= 1.

T u® Frevet fowme -

> { T(s) = L) = ?g: constant /
(s) = J Te) = 3:?

y .
]
0

k(s)= < T, N> =0 .

Exam?le 2: Cireles

r S O'V\_?—
N “(S‘)=C+Y(00S?,S' Y)
&_/ P.\o.o.ﬂ.'

Frenet Afrowe:-
' WS s
{‘T(S) = Ak(s) = (-SW‘Y s f)
(s) = IT(S) =(.C05 .E..-So'né)
Cuweture *
= ,
k-?\ kes)y= < T(sr, Ns) D

(1)
Bisser circles heave

=< (-0 =, =),
(]
Smaller curvetwuve !



E\Cecu‘s&: eQPea‘f fe above colculation us-‘us a clockwise

ot ametrizetion.

%sz let «: I = R be a curve pbal,
I‘E 9’ :Rz—a (R" is o rzﬁtd woation , then

@ = Pect: I-"Rz s alse pbad

and k (s) = { k“ (s) F ¥ ic oviewtation ’P’e""“"j
F - = kd (s ) ;-F (P 1S ovn‘ud'a-h'ow -veverS v 3

W "
?ﬁ’ Execcise ! Cuwsture is a 3enm.d:r~‘c %u&n‘h‘f;j
(wot wecessarily P‘b' a.l.)

2
E)Cetc.‘se: I «t:T> R is a regular plane curve ,

Show +uat '
det (K@), '®))

k) =
ol
| ot'c) \®
Exercise: Leg A :T — R’ be a ourve P,b.a.Q.
Deuste O () = awgle of T(s) wmeaasured fom X-axs.

T(s.) Thea: \e'(sj = R(s) (
9(9_:)

‘ Curvcbur@ nmeasures +Hee

=Yk YOS
ol(s) 6Os ) vote O'f tavnrm j Q'F "Hd.ﬂ
— Uuit fangent vector v




